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Abstract
We study the energy loss of a rotating infinitely massive quark moving, at constant
velocity, through an anisotropic strongly- coupled N = 4 plasma from holography. It
is shown that, similar to the isotropic plasma, the energy loss of the rotating quark
is due to either the drag force or radiation with a continuous crossover from drag-
dominated regime to the radiation dominated regime. We find that the anisotropy
has a significant effect on the energy loss of the heavy quark, specially in the crossover
regime. We argue that the energy loss due to radiation in anisotropic media is less
than the isotropic case. Interestingly this is similar to analogous calculations for the
energy loss in weakly coupled anisotropic plasma.
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1 Introduction
The experiments at Relativistic Heavy Ion Collisions (RHIC) and at the Large Hadron
Collider (LHC) have produced a strongly-coupled quark−gluon plasma (QGP)(see review
[1]). At a qualitative level, the data indicate that the QGP produced at the LHC is
comparably strongly-coupled [2]. The QGP created at the LHC is expected to be closer to
conformality than the case at RHIC [1]. The plasma created right after a heavy ion collision
is anisotropic for a period of time, τ < τiso and becomes locally isotropic afterwards [3, 4, 5].
There are no known quantitative methods to study strong coupling phenomena in QCD
which are not visible in perturbation theory (except by lattice simulations). A new method
for studying different aspects of the QGP is the AdS/CFT correspondence [1, 6, 7, 8, 9].
The energy loss of partons is a useful probe of the QGP. One should notice that this
quantity is not a direct experimental observable but it is related to the jet quenching
parameter qˆ. This parameter is a signature of the QGP and initially was calculated from
AdS/CFT correspondence in [10]. Although the energy loss can be due to various different
mechanisms, two primary sources of the energy loss are collisions and radiation. The
former is due to the scattering of the energetic partons with thermal quarks and gluons in
the QGP, while the later is related to the Bremsstrahlung radiation during the interactions
with the medium. Theoretical study of these phenomena needs strong-coupling tools and
non-perturbative methods such as lattice QCD, which are inadequate to describe these time-
dependent phenomena. A new method is to use the holographic principle and investigate
the energy loss of heavy probes.
This method has yielded many important insights into the dynamics of strongly-coupled
gauge theories. It has been used to investigate hydrodynamical transport quantities in vari-
ous interesting strongly-coupled gauge theories where perturbation theory is not applicable.
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Using this method, the energy loss due to collisions of heavy quarks was initially discussed
in [11, 12]. They considered a heavy quark traveling with constant linear velocity through
the plasma, and find the energy required to keep it in uniform motion. This energy is then
given by the world-sheet momentum and falls across the horizon. On the other hand, the
energy loss is proportional to the momentum of the heavy quark and one concludes that the
energy loss mechanism can be considered as a drag force. Some extension of this calcula-
tion to more realistic models of QGP have been done in [13]. It should be noticed that the
physically relevant setting is when there is no external force acting on the energetic parton.
Then the moving probe is decelerating and here is the possibility of another important
mechanism of energy loss, namely radiation [14, 15, 16]. Therefore, it is worthwhile to find
interference between these two different mechanisms of the energy loss, the drag force and
radiation.
By considering the quark rotating uniformly with constant velocity v, one can consider
these two mechanisms of the energy loss at the same time.3 The significant advantage offered
by the analysis of this problem was explored in [17]. They determined the energy it takes to
move a test quark along a circle of radius l with angular frequency ω through the strongly-
coupled plasma of N = 4 supersymmetric Yang-Mills (SYM) theory. The drag force and
radiation for fixed v = lω are dominant when (ω → 0, l → ∞) and (ω → ∞, l → 0),
respectively. The extension of this calculation to the case of non-conformal plasma, which
exhibits a confinement/deconfinement transition at a critical temperature, was done in [18].
They argued that in the low temperature limit the energy loss is completely due to glueball
Bremsstrahlung. The motion of a heavy charged quark in a magnetic field was also analyzed
in the vacuum of strongly-coupled conformal field theory in [19].
In this paper, we study the energy loss of a rotating quark in a strongly-coupled
anisotropic plasma using the AdS/CFT correspondence. Anisotropy is very important
during the initial phase after the QGP production in the heavy-ion collisions. It is related
to this point that initially the system expands mainly along the collision axis. As a result,
the plasma has significantly unequal pressures in the longitudinal and transverse directions.
To model this medium, we consider an anisotropic N = 4 SYM plasma in which the x, y
directions are rotationally symmetric, while the z direction corresponds to the beam direc-
tion [20]. The drag force and jet quenching parameter in this medium were calculated in
[21, 22, 23]. It was found that the energy loss of partons depend on the relative orientation
between the anisotropic direction and the velocity of the quark.
Another interesting feature of this anisotropic background is that the ratio of the shear
viscosity to the entropy density violated KSS bound [25]. While the ratio in transverse
direction saturates the KSS bound(η/s = 1/4π) , it was shown that the perturbation of
the metric with an off-diagonal component (mixing the anisotropy direction with one of
the isotropic directions) leads to a smaller ratio, η/s < 1/4π and it is a decreasing function
of a/T [26, 27].4 This is the first example of violation of KSS bound not involving higher
derivative theories of gravity [28]. Also it was shown that the DC conductivity along
(transverse) to the anisotropy direction is a decreasing (increasing) function of the ratio of
the anisotropy parameter to the temperature [26].
3 The interplay between the energy loss due to the radiation and the drag force can also be observed in
the early times energy loss of a heavy quark [24]. This study has been done in the isotropic plasma, while
one may expect that the results will be affected by considering the anisotropy in the real models.
4As in [20] we identify the temperature and the anisotropy parameter of the plasma by ”T ” and ”a”,
respectively.
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Motivated by these considerations, in this paper we study the effect of anisotropy on
the energy loss of heavy quark propagating through anisotropic medium. We consider the
quark rotating uniformly with constant velocity in the xy plane. Two possible mechanisms
of the energy loss are considered: drag force and radiation. We compare the energy loss
in an anisotropic plasma to the isotropic case. For completeness, we will also compare the
results with the drag force and jet quenching parameter found in an anisotropic plasma in
the last section.
The article is organized as follows. In the next section, we introduce an anisotropic
gravity solution which is a well-defined IIB supergravity dual to spatially anisotropic N = 4
SYM plasma at finite temperature. Then we will give a discussion about rotating string
in a general background in section 3. For a background with SO(2) symmetry, we find
the most general form of the equations of motion and the critical points of the rotating
string in isotropic plane . This section will be very useful from technical point of view for
our calculations. In section 4, we solve numerically the equations of motion of a rotating
string in the anisotropic plasma (introduced in section 2) and find the energy loss of a heavy
quark. Some analytic limits will be studied in section 5 and comparison with linear drag and
radiation will be done in section 6. Finally, we will discuss our results and some possible
extensions for future work in the section 7. To complete the investigation of sections 2
and 4, appendix A is devoted to discussion of a rotating quark in an anisotropic plane.
In appendix B we give a brief general review of the drag force which is very useful for
comparing our results in a special limit studied in section 5.
2 The gravity background
In this section we review the anisotropic background introduced in [20] which is the gravity
dual to a deformation of N = 4 SYM adding a θ term to the action. The geometry
of this solution has two parts: a deformed AdS5, which has spatially anisotropy but it
is asymptotically AdS5, and an S
5 part. The deformation parameter, θ, depends on the
anisotropic spatial direction z as θ = 2π nD7 z, where nD7 can be thought as the density of
D7-branes homogeneously distributed along the anisotropic direction. The D7-branes wrap
the S5 and two spacial directions of the AdS5 (xy-plane).
The type IIB supergravity solution in the string frame is given by [20]5
ds2 =
L2
u2
(
−FBdt2 + dx2 + dy2 +Hdz2 + du
2
F
)
+ L2eφ/2ds2S5
φ = φ(u), χ = a z, (2.1)
where φ, χ, are the dilaton and axion fields respectively, and the anisotropy parameter
is a =
g2Y MnD7
4pi
. The metric functions are F ,B and H which depend on the holographic
radial coordinate, u, the radius of horizon, uH , and the anisotropy parameter, a. We
choose the range 0 < u < uH for the holographic radial coordinate and the boundary is
at u = 0. F is the blackening function, F(uH) = 0, and the solution is asymptotically
AdS5 where Fb = Bb = Hb = 1. The solutions of the equations of motion are specified by
two parameters, the horizon radius, uH , and the value of dilaton at the horizon, φh. From
5This is the finite-temperature generalization of the type IIB supergravity solution of [29], the drag force
calculation in this case has been studied in [30].
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the boundary theory point of view these parameters map to the temperature, T , and the
anisotropy parameter, a. In Fig. 1, we show two solutions for different combinations of the
parameters: Left φh ≃ −0.22 and uH = 1 (or T ≃ 0.33 and a/T ≃ 4.4 ), Right φh ≃ −1.86
and uH = 1 (or T ≃ 0.48 and a/T ≃ 86 ).
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Figure 1: Metric functions φ˜ (orange), H (dashed), F (thick), B (dotted) curves for two
different parameters. Left: a/T ≃ 4.4, Right: a/T ≃ 86.
The metric functions are parameterized by two parameters, the dilaton field value at the
horizon φh and uH or equivalently by T and a/T . At small a/T , the entropy density scales as
in the isotropic case Siso =
pi2
2
N2c T
3, while at large a/T it scales as Saniso = centN
2
c a
1/3T 8/3,
where cent is a constant. To compare the results in the anisotropic plasma to that in the
isotropic plasma, we consider two cases: the two plasmas can be taken to have the same
temperatures but different entropy densities, or the same entropy densities but different
temperatures. Each case leads to different results.
The field theory coordinates at the boundary are (t, x, y, z) and there is an SO(2) sym-
metry in the xy plane. We will consider our rotating test quark in this plane which can be
interpreted as transverse plane to the beam. We find that, although the quark is moving in
this plane, anisotropy has main effect on the transport properties. Appendix A is devoted
to discussion of a rotating quark in an anisotropic plane.
One of the main feature of this anisotropic solution is the presence of a conformal
anomaly [20] which leads to the fact that, the thermodynamics of the solution depend on
the parameters T and a separately. This is the cause of broken diffeomorphism invariance in
the holographic direction u. We will see that this is not the case for the rate of energy loss for
a rotating string in this background which takes the form (dE/dt)aniso = (dE/dt)iso fˆ(a/T ).
This kind of behavior is similar to the results of drag force and jet quenching parameter
studied in [21, 22, 23].
In next section, we will find the equations of motion of a rotating string and we will
discuss an approach to solve these equations as generally as possible. Then we will focus
on the anisotropic solution (2.1) and by comparing the results with the isotropic AdS5×S5
background, we investigate the effect of anisotropy on the energy loss of a rotating quark.
3 Rotating string in a general background
In this section, we will discuss technical details of studying rotating strings in a general
background with SO(2) symmetry. We will use the results of this section during our calcu-
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lations in the next sections. The general form of this static metric is given by
ds2 = Gttdt
2 +Gρρdρ
2 +Gψψdψ
2 +Gzzdz
2 +Guudu
2, (3.1)
In our coordinates, u denotes the holographic radial coordinate of the black hole geometry
and t, ρ, ψ and z label the directions along the boundary at u = 0.
In the gravity dual, a heavy test quark corresponds to an open string with one endpoint
on a D3-brane at u = 0. The string hangs down into the bulk, extending towards the
black-hole horizon at u = uH . In order to study the energy loss for a quark moving on a
circle, we must first find the world-sheet of the string spiraling downward from the quark
moving on a circle at u = 0 and then calculate the energy flowing down the string. We
choose to parameterize the two-dimensional world-sheet of the rotating string according to
Xµ(τ, σ) = (t = τ, u = σ, ψ = ω t+ θ(σ), ρ = ρ(σ), z = 0) , (3.2)
where µ runs over five dimensions of the bulk theory.
The Nambu-Goto action is
S = − 1
2πα′
∫
dτdσL = − 1
2πα′
∫
dτdσ
√− det gµν , (3.3)
where the world-sheet metric gµν is the induced metric from background, gµν = GMN∂µX
M∂νX
N
in which GMN is the five dimensional background. Using the general form of the (3.1) and
the rotating string’s ansatz (3.2), one can show that the Nambu-Goto Lagrangian density
is given by
L =
[
−Guu(Gtt +Gψψω2)−Gρρ(Gtt +Gψψω2)ρ′2 −GttGψψθ′2
]1/2
. (3.4)
Here, the prime denotes a derivative with respect to the holographic radial coordinate u.
One important feature of this Lagrangian density is θ dose not appear explicitly in the
action and so the momentum conjugate to this field is constant. As we discus in appendix
A, this is not the case for a general rotation in anisotropic background. Then the equation
of motion for θ is given by
Π =
∂L
∂θ′
= −GttGψψθ
′
L = const., (3.5)
or equivalently by
θ′
2
= −Π2 (Gtt +Gψψω
2)(Guu +Gρρρ
′2)
GttGψψ(GttGψψ +Π2)
, (3.6)
where Π is the momentum conjugate to the angular coordinate ψ. The LHS of the above
equation is positive definite so, the RHS should behave in similar manner. However, the
string stretched from the boundary to the horizon and the (Gtt+Gψψω
2) term changes the
sign in between these points. So, the RHS has a critical point where both numerator and
denominator change the sign while the overall sign doesn’t change. This critical point is
called as uc and is defined by
Gtt(uc) +Gψψ(uc)ω
2 = 0, (3.7)
Gtt(uc)Gψψ(uc) + Π
2 = 0. (3.8)
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which simplifies to
|Gtt(uc)| = Πω, |Gψψ(uc)| = Π
ω
. (3.9)
For the usual case of an isotropic background which was studied in [17], the geometry
is given by
ds2 =
1
u2
(
−(1− π4T 4u4)dt2 + dρ2 + ρ2dψ2 + dz2 + u
4 du2
(1− π4T 4u4)
)
, (3.10)
and (3.7) and (3.8) reduce to
uc =
1
π2T 2
√
−Πω
2
+
1
2
√
Π2ω2 + 4π4T 4, (3.11)
ρc = uc
√
Π
ω
, (3.12)
which are the same as the critical values in [17].
We use the following form of the metric components,
ds2 = f(u)
(
g(u)dt2 + dρ2 + ρ(u)2dψ2 + h(u)du2
)
+Gzz(u)dz
2, (3.13)
so that the equation of motion for ρ field can be written in a more compact form. Using
this form of the metric (3.13) and the critical equations (3.9), one can find the radius of
the rotation at the critical point as
ρc =
1
fc
√
Π
ω
, (3.14)
where fc = f(uc). Using the equation of motion for θ (3.5), one can show the equation of
motion for ρ(u) is given by
2g2h2
(
Π2 − ω2f 2ρ4)
− [hρ3 (−2fg2 (g + ω2ρ2) f ′ + (Π2ω2 − f 2g2) g′)+ gρ (g + ω2ρ2) (Π2 + f 2gρ2)h′] ρ′
+2g2h
(
Π2 − ω2f 2ρ4) ρ′2
+ρ3
[
2fg2
(
g + ω2ρ2
)
f ′ +
(−Π2ω2 + f 2g2) g′] ρ′3
+2ghρ
(
g + ω2ρ2
) (
Π2 + f 2gρ2
)
ρ′′ = 0. (3.15)
To find the radius of rotation at the boundry one needs to solve this equation numerically,
even for simpleset cases.
The rotating-string solution starts at (u = 0, ρ = l) passes through the critical point
(uc, ρc) and approaches the black hole horizon located at u = uH and a finite value of ρ
that is greater than ρc, which in turn is greater than l. By expanding (3.15) around uc, one
can find a series expansion of ρ(u) as ρ(u) = ρ(uc) + (u− uc)ρ′(uc) + 12(u− uc)2ρ′′(uc) + ... .
For example, the first term in expansion ρ′(uc) has four solutions
ρ′(1,2)c =
1
(4fcg3cρcf
′
c)
[
4f 2c g
3
chc + g
3
cρ
2
cf
′2
c + ω
2g2cρ
4
cf
′2
c + 2fcg
2
cρ
2
cf
′
cg
′
c −Π2gc′2
±
(
16f 2c g
6
chcρ
2
cf
′2
c +
(
4f 2c g
3
chc + g
3
cρ
2
cfc
′2 + ω2g2cρ
4
cfc
′2 + 2fcg
2
cρ
2
cf
′
cg
′
c −Π2g′c2
)2)1/2 ]
,
ρ′(3,4)c = ±
√
−hc, (3.16)
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Obviously, the 3rd and 4th solutions are not physical. The only acceptable solution is the
1st solution (positive sign) which leads to the physical behavior, ρ(u = 0) = l < ρc.
6 In
principle, once we find the series expansion of ρ(u) around uc, it would be possible to guess
the closed form of ρ(u). In general it is not easy to find ρ(u) in this way and the only
known result is the simple case of rotating string at zero temperature N = 4 SYM plasma
studied in [31].7
We use numerical methods to find the shape of the rotating string. Given angular
momentum ω and constant of motion Π, one finds (uc, ρc) point from (3.9) and (3.14). But
there is a problem at this point, the equation of motion (3.15) (and the Lagrangian (3.4)) is
singular at the critical point. So, by starting from this point, one can not find the numerical
solution for the equation of motion of ρ (3.15).8 Fortunately this problem appears only at
one point and we can use the equation of motion (3.15) and expand it up to any order that
we want. Since the equation (3.15) is a second order differential equation, we must know
two boundary conditions to find the solution uniquely. We can find the second derivative
of the ρ(u) at uc, ρ
′′(uc) and then solve the equation numerically by expanding from uc− ǫ
(uc + ǫ) to the boundary (horizon).
In general, the energy loss rate of the world-sheet is given by
dE
dt
= Πσt = −
δS
δ(∂σX0)
, (3.17)
In our case, by using equations (3.4), (3.5) and (3.9), one can show that there are some
different expansions for the rate of energy loss which are very useful,
dE
dt
= −GttGφφωθ
′
2πα′L =
Πω
2πα′
=
|Gtt(uc)|
2πα′
. (3.18)
In appendix B we will show that the general formula for the rate of energy loss for a string
moving on a line is the same as the last equality in the above equation. The difference is a
different value for the critical point of the radial holographic coordinate, uc.
To find and investigate the solution in terms of the parameters of the boundary theory,
we will focus on the strongly-coupled anisotropic plasma in the next section and compare
our results with the rotating string in the isotropic background which is the AdS5×S5
theory with N = 4 SYM theory on the boundary. Then, we will compare the energy loss
of a rotating string to the drag force in the strongly-coupled anisotropic plasma studied in
[21, 22] and the radiation results on isotropic case investigated in [17].
4 Rotating string in strongly-coupled anisotropic plasma
To study the energy loss of the rotating quark in strongly-coupled anisotropic plasma, one
should solve equation (3.15) to find the radius function ρ(u). The general behavior of the
angular function, θ(u), is the same as in the isotropic case studied in [17], so we are not
going to find the angle function θ(u), which has no effect on energy lost.
6In most of the case f(u) ∝ un which leads to a positive (negative) solution of ρ′c for n > 0 (n < 0).
7K.B.F thanks D.Nickel for discussion on this point.
8 This challenge have been seen also in some other calculation [32] in a range of u and, it leads to using
the Polyakof action instead of Nambu-Goto action.
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Valuable results are the comparison of the anisotropic case with the isotropic back-
ground at the same temperature or at the same entropy density. We do these comparisons
both for the gravity side (bulk) and the filed theory side (boundary) of the AdS/CFT
correspondence.
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Figure 2: The radial dependence ρ(u) of spiraling string hanging down from rotating quarks
in anisotropic (solid curves) and isotropic (dotted curves) media for various different choices
of parameters: ω = 0.05, ω = 0.5 and ω = 5.0 from left to right, and the set of values for the
constant of motion Π =0.1 (red), 1 (orange), 10 (blue), 100 (purple) for all of the figures. In
(a) and (b), the anisotropic parameter is specified as a/T ≃ 4.4 and a/T ≃ 86, respectively.
This comparison with the isotropic plasma has been done at the same temperature.
By assumption, the temperature and the entropy density of the two sides of the AdS/CFT
correspondence are the same. Therefore it’s enough to find these parameters for the gravity
side by using simple definitions of the temperature and entropy density. We will study the
energy loss of a rotating quark in an anisotropic plasma by comparing the results with the
isotropic case both with the same temperature and with the same entropy.
Plugging the anisotropic background (2.1) into the critical equation (3.9), the equation
of motion for ρ(u) (3.15), and the equation which determines the ρ′c; one can reduce these
equations to a simpler form. As we mentioned in section 3, to find numerical results for
ρ(u) we should integrate from uc − ǫ (uc + ǫ) to the boundary (horizon).
In Fig.2, we compare the anisotropic plasma (solid curves) with isotropic plasma (dotted
curves) in the same temperature. These plots show the radial dependence ρ(u) of a spiraling
string hanging down from rotating quarks for different angular velocities: ω = 0.05, 0.5, 5.0,
from left to right. In this figure the constant of motion (angular momenta) is given by
Π =0.1 (red), 1 (orange), 10 (blue), 100 (purple). The effect of anisotropy is given by the
ratio of anisotropic parameter to the temperature a/T ≃ 4.4 (a) and a/T ≃ 86 (b). Note
that the string is not going into the horizon so the dotted (solid) curves finished at the
horizon of isotropic (anisotropic) solutions.
On the other hand, for fixed ω and Π, which means the role of energy loss is fixed, the
bigger radius of rotation on the boundary means a larger velocity for the quark.
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Figure 3: The radial dependence ρ(u) of spiraling string hanging down from rotating quarks
in anisotropic (solid curves) and isotropic (dotted curves) media for various different choices
of parameters: ω = 0.05, ω = 0.5 and ω = 5.0 from left to right, and the set of values for the
constant of motion Π =0.1 (red), 1 (orange), 10 (blue), 100 (purple) for all of the figures.
In (a) and (b), the anisotropic parameter is specified as N
2/3
c a
s1/3
≃ 2.5 and 35.5, respectively.
This comparison with the isotropic plasma has been done at the same entropy.
We summarize the important results of the plots as follows:
• The anisotropy mainly effected the shape of the spiraling string. It is easy to see that
by increasing the anisotropy the radius of rotation significantly changes.
• While in most of the cases the radius of rotation on the boundary in anisotropic cases
is larger than isotropic cases, for small anisotropy, a/T ≃ 4.4, and small angular
velocity, ω = 0.05, this is not the case.
• For the fixed ω and Π, the radius on the boundary is bigger than in the isotropic case
which means a larger velocity of the quark in the field theory. Using the energy loss
relation (3.18), dE
dt
∝ Πω, one can show that for the same velocity v and the same
angular velocity ω the energy loss in the anisotropic plasma is less than the energy
loss in the isotropic case (except for the small ω and large v which is similar to the
drag force [21]). We will discuss this point in the later sections.
• For the case of small ω (0.05), the isotropic and anisotropic curves with the same Π
do not cross each other and each curve is almost straight. So the energy loss should
be very similar to the drag force and effect of radiation is very small. We will show
(both numerically and analytically) that this is the case.
• For a bigger ω (0.5) the curves cross each other for enough large Π′s. We will see that
that this crossing may be assumed to be a measure for interplay between the linear
drag channel and the radiation channel of energy loss.
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• In large ω (5.0), for small a/T the radius on the horizon is smaller than the isotropic
case and there is no crossing. But for large anisotropy the curves cross each other
and the radius on the horizon is larger than isotropic case, both for small and large
anisotropy.
In Fig.3, we show the results for the same entropy density. The general behavior of the
plots are similar to the plots we find for the same temperature cases in Fig.2. The main
difference is for small a/T , there is no strange behavior as like as the same temperature cases
we discussed earlier. So the radius of rotation on the boundary in anisotropic plasma is
smaller than isotropic case for fixed ω and Π in both small and large anisotropy. Again, we
specified the anisotropic results by solid curves and the isotropic plasma by dotted curves,
ω = 0.05, 0.5, 5.0 from left to right and Π =0.1 (red), 1 (orange), 10 (blue), 100 (purple).
Here we compare the rotating string in anisotropic and isotropic cases with fixed Π and
ω, which means the fixed energy loss rate by using eq.(3.18). We investigate this comparison
from two different point of views: gravity theory and boundary theory. The parameters of
solutions from gravity point of view are ω and Π but, from boundary theory they are ω and
v = lω. Therefore from gravity point of view we find the ratio of energy loss in anisotropic
and isotropic plasmas as a functions of Π, and from boundary theory point of view we find
this ratio as a functions of v.
4.1 The energy loss
In this section, we study the energy loss of a heavy test quark. Plugging the anisotropic
background metric (2.1) into the general formula for the rate of energy loss (3.18) one can
show that
dE
dt
=
Πω
2πα′
=
1
2πα′
FcBc
uc
, (4.1)
where Fc and Bc are the value of these functions at the critical point (uc, ρc) which is defined
by
FcBc
u2c
= Πω, ρc = uc
√
Π
ω
(4.2)
Therefore, from bulk point of view, the energy loss just depends on the value of uc which
is a function of Π and ω via equations (4.2).
Using (4.1), it is straightforward, using the numerical techniques described before, to
evaluate the energy loss for a quark moving in a circle with angular frequency ω as a function
of radius l (or equivalently as a function of velocity of the quark v = l ω).
From the bulk point of view, we pick an ω and a series of values of Π. For each Π, we
obtain the corresponding string world-sheet. From that solution, one finds that the energy
loss of the quark increases without bound as l approaches to 1/ω, which is the radius at
which the quark would be moving at the speed of light. We call the radius of the rotating
quark in the anisotropic and isotropic medium laniso and liso, respectively.
The radius of the rotation on the boundary (or the velocity of the rotating quark v = lω)
is a monotonic increasing function of Π for fixed ω in both isotropic and anisotropic back
grounds. As an example, we plot the velocity of the quark as a function of Π for ω = 5.0
and a/T ≃ 86 in Fig.4. This behavior is general for any value of ω and a/T and it will be
extremely useful in what follows.
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Figure 4: In general for both isotropic and anisotropic solutions the velocity (or equivalently
the radius of the rotation) of the end point of the string on the boundary is a monotonically
increasing function of Π. As an example, in this plot we show the velocity of the quark at
the boundary versus the constant of motion Π for ω = 5.0 and a/T ≃ 86.
We plot laniso/liso (which is as same as van/vis) as a function of the constant of motion Π
for different angular velocities, ω and different a/T for the same temperature and the same
entropy in figures 5 and 6, respectively. Each figure contains the plots for four anisotropic
parameters a/T ≃ 0.78, 4.4, 25, 86 and three angular velocities ω =0.05 (red), 0.5 (green),
5.0 (black).
There are two general features in all plots:
(1) laniso > liso|Π→0, (2) laniso ≃ liso|Π→∞. (4.3)
This shows that, for large enough Π’s the quark can not see the anisotropy while, the
anisotropy has a significant affect on the rotating quark for smaller Π’s. We will discuss
about this behavior also from boundary theory point of view.
In Fig.5, it is clearly seen that for the same temperature cases, there is a minimum value,
which is less than 1, for this ratio in small angular velocity, ω = 0.05, and small anisotropy,
a/T (≃ 0.78 and 4.4). This minimum disappear by increasing the angular velocity and/or
a/T . But all plots with the same entropy in Fig.6 show that laniso is bigger than liso for
any ω and Π.
According to the first equality in equation (4.1), the energy loss rate is proportional to
Πω. On the other hand, in both isotropic and anisotropic cases the radii of rotation at
the boundary are monotonically increasing with respect to Π (e.g. Fig. 4). So from the
boundary theory point of view, one can conclude that for laniso/liso > 1 (laniso/liso < 1)
the rate of energy loss in an anisotropic plasma is smaller (larger) than the isotropic case,
for fixed v and ω. It is easy to see that in these conditions the rate of energy loss in
an anisotropic plasma is less than isotropic case in general except for the small value of
ω(0.05) and small a/T (≃ 0.78). In this case for large enough Π(& 40), corresponding to
v ≃ 0.9, the energy loss rate in the anisotropic plasma is more than the isotropic case.
This is in perfect agreement with the drag force results [21, 22]. We expect that for a small
angular velocity the dominant part of the energy loss is due to the drag force, and the above
agreement bolsters this idea. We checked this behavior for a range of a/T and we see that
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Figure 5: The ratio of the radius of rotating quark in an anisotropic medium to the isotropic
case as a function of the constant of motion Π. This comparison has been done for the same
temperature. In each plot of this figure, the angular velocity is ω =0.05 (red), 0.5 (green),
5.0 (black), and a/T ≃ 0.78 (top-left), 4.4(top-right), 25(down-left), 86(down-right)
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Figure 6: The ratio of the radius of rotating quark in an anisotropic medium to the isotropic
case as a function of the constant of motion Π. This comparison has been done for the
same entropy. In each plot of this figure, angular velocity is ω =0.05 (red), 0.5 (green), 5.0
(black), and N
2/3
c a
s1/3
≃ 0.46 (top-left), 2.5 (top-right), 12(down-left), 35.5 (down-right)
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this happens for a/T . 12.
From the boundary theory point of view, to compare the energy loss in two different
media it is natural to fix the velocity, v = lω. The ratios of the energy loss rate in anisotropic
background to the isotropic case as a function of the velocity of the rotating quark are given
in Fig.7. These plots are our main outputs and in following sections we will investigate these
results both analytically and numerically.
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(a) The same temperature, a/T ≃1.4 (red), 4.4 (blue), 12 (green), 25 (brown).
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Figure 7: The ratio of the energy loss in anisotropic backgrounds to the isotropic cases for
different angular velocities: ω = 0.05, 0.5, 5.0 from left to right.
We summarize the important features of the plots in Fig.7 as follows:
• Again one can see that the ultra-relativistic quark (or large Π from gravity point of
view) can not see the anisotropy in terms of its energy loss rate, except for small
anisotropy and small angular velocity and the same temperature case. As expected,
this is very similar to the drag force studied in [21].
• The ratios of energy loss rates are monotonic functions, except for ω = 0.5 and large
enough a/T and the same temperature. In this exception one can see a competition
for energy loss between the linear drag and the radiation channels. We will discuss
this point later.
• For fixed velocity v and anisotropy the bigger angular velocity ω leads to the smaller
ratio of energy loss rate, except for large velocity which breaks for medium ω.
One should note that the linear drag is a function of velocity of the quark while, the
radiation is a function of angular acceleration, αˆ = v ω. Since v ≤ 1, small enough ω leads
to small αˆ and small radiation for any velocity. Therefore for small ω the dominant part of
the energy loss is due to the drag force. One interesting situation is for intermediate ω. In
this case for small v the drag force is dominant while for large enough v, αˆ is large enough
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Figure 8: Energy loss of rotating quark as a function of anisotropy at the same temperature
(a) or at the same entropy density (b) for four different velocities v = 0.2, 05, 0.7, 0.9, from
bottom to top in each plot. In each arrow, angular velocities are ω = 0.05, ω = 0.5 and
ω = 5.0 from left to right.
and there is a competition for energy loss between drag and radiation. As one can see in
Fig.7, this is an interesting part for the energy loss of a quark in this anisotropic plasma
model.
We studied the shape of rotating string in an anisotropic background and the rate
of energy loss of a rotating quark in the dual anisotropic plasma, by using AdS/CFT
correspondence, for some specific values of anisotropy. In Fig. 8, we show the ratio of
energy loss rate of anisotropic to isotropic plasmas as function of a/T for four velocities.
The first row is for the same temperature cases and the second row is for the same entropy
density and in each row the angular velocity is ω = 0.05, 0.5, 5.0 from left to right. From
these plots it is obvious that the rate of energy loss in anisotropic background is smaller
than the isotropic case and for fixed v and ω the larger anisotropy leads to the smaller rate
of energy loss. This is the case both in the same temperature and the same entropy cases.
It would be very interesting to ask about mechanism of energy loss in two plasmas, is
it drag force or radiation? In section 6, by comparing the results with both linear drag
and synchrotron radiation, we will show that the anisotropy decreases the radiation when
the parton propagates perpendicular to the direction of the anisotropy. This is in perfect
agreement with result of [33].
5 Analytic limits
In this section, we consider two different limits in which we can do some analytical cal-
culations, ultra-relativistic limit and small a/T limit. For these cases we know the metric
functions of dual gravity (2.1) explicitly [20] and we can get some analytical results to
14
justify our numeric results at least in these limits. The results also show that the energy
loss rate depend on the temperature (or horizon radius) and a/T , as expected from the
discussion at the end of section 2.
5.1 Ultra-relativistic limit
There are two different options for an ultra-relativistic limit,
• Large but fixed v = l ω = const., αˆ = v ω → 0, meaning ω → 0
• Large but fixed v = l ω = const., αˆ = v ω →∞, meaning ω →∞
For the second case, as we see in Fig.2 and Fig.3, the critical point uc can be anywhere
between the horizon u = uH and the boundary u = 0. For this case which is completely
general we know nothing analytically. But for the first case the critical point uc approaches
to the boundary uc → 0,9 which is similar to the drag force in the large velocity limit v → 1
[21]. Therefore one can use the near boundary expansion of metric functions [20],
F = 1 + 11a
2
24
u2 +
(
F4 + 7a
4
12
log u
)
u4 +O(u6),
H = 1 + a
2
4
u2 −
(
2B4
7
− 5a
4
4032
− a
4
6
log u
)
u4 +O(u6), (5.1)
B = 1− 11a
2
24
u2 +
(
B4 − 7a
4
12
log u
)
u4 +O(u6),
where F4 and B4 depend on a, T and a conformal anomaly scale, but they are not determined
by the near boundary analysis [20].
To find the critical point (uc, ρc) for this case, we solve the equations (4.2) analytically
using the above expansion of metric functions (5.1). The second equation in (4.2) simplifies
to
Πω =
v2c
u2c
, (5.2)
where vc ≡ ρc ω is the velocity of the string at the critical point, uc. Note that in this limit
the radius of the rotating string on the boundary, l, is very close to the radius of the string
at the critical point, ρc, Fig.2 and Fig.3. Therefore the velocity of the string at these two
points are also very close to each other. By using this point, we can find the value of uc by
solving the first equation in (4.2) to leading order in 1− v2c ,
1
u2c
=
T 2√
1− v2c
Ξ, Ξ =
√
121a4
576T 4
− F4 + B4
T 4
(5.3)
which is the same expansion for the critical point found for the drag force calculation [21].
But we should remind that vc is a function of uc via eq.(5.2) so the explicit relation for uc
is given by
uc =
1
ΞT 2
√
−Πω
2
+
1
2
√
Π2ω2 + 4Ξ2T 4, (5.4)
9From Fig.2 and Fig.3, it is easy to see that for fixed ω, a larger velocity correspond to a larger radius
of rotation at the boundary which leads to a larger Π and a smaller uc.
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Note that the energy loss rate is given by the time component of the background metric
at the critical point, |Gtt(uc)| eq.(3.18) and is given by
dE
dt
∣∣∣∣
aniso
=
√
λT 2
2π
v2c√
1− v2c
√
121a4
576T 4
− F4 + B4
T 4
. (5.5)
Again, this is exactly the same results which was found for the linear drag in [21].
For the linear drag, there is only one velocity for all of the points of string but in our
case the velocity is the velocity of the critical point of the string, vc. As it is shown in Fig.9
for small enough v, corresponds to small enough Π, for ω = 0.05 and ω = 0.5 the dominant
part of the energy loss is due to the linear drag. But the validity for this approximation is
not just αˆ → 0. As one can see in Figs.2 and 3 for large Π the radii of rotating string on
the boundary u = 0 and the critical point uc are very close to each other while, the rest of
the string below the critical point has larger radius. Therefore, the v ≃ vc approximation
is not valid any more for all of the string points. This limit is discussed in [17] for the
isotropic plasma as well.
Since the the energy loss rate (5.5) is the same as the linear drag results given in [21]
and its validity range is as same as isotropic case, it’s clear that the comparison between
the energy loss rate in the anisotropic and in the isotropic backgrounds leads to the same
results found for the drag force in [21]. Remind that this is true just in special limit, large
and fixed v = l ω, ω → 0 and small enough l.
For small and large a/T limits the F4 and B4 parameters are known [20] and one can
find more explicit results. For small a/T ,
F4 = −π4T 4 − 9π
2T 2
16
a2 −
[
101
384
− 7
12
log
(
2πT
a
)
− 7
12
log
( a
Λ
)]
a4 +O(a6),
B4 = 7π
2T 2
16
a2 +
[
593
1152
− 7
12
log
(
2πT
a
)
− 7
12
log
( a
Λ
)]
a4 +O(a6), (5.6)
where Λ relates to the conformal anomaly scale. It is easy to see that the ratio of the energy
loss in the anisotropic plasma to the the energy loss in the isotropic case doesn’t depend
on parameter Λ. For the same temperature, one can show that this ratio is given by
dE/dtaniso
dE/dtiso
∣∣∣∣
temp
= 1 +
a2
16π2T 2
+O
(
a4
T 4
)
. (5.7)
Therefore the energy loss rate of ultra-relativistic quark rotating uniformly in transverse
direction plane in an anisotropic plasma with small a/T , small ω and large but fixed v
is greater than the isotropic case at equal temperatures. This is similar to the drag force
results for small a/T and large but fixed v [21]. This analytic result is in agreement with
our numerical results given in Fig.5 (red curves in the first row plots) and Fig.7 (red and
blue curves in the top-left plot) .
To compare the results for equal entropy density, we use the relation between entropy
density and temperature for an anisotropic plasma in small a/T [20]
s =
π2N2c T
3
2
+
N2c T
16
a2 +O
(
a4
T 4
)
, (5.8)
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which causes to different ratio for the rate of energy loss for the same entropy densities,
dE/dtaniso
dE/dtiso
∣∣∣∣
entropy
= 1− N
4/3
c
48(2π)3/2
( a
s1/3
)2
+O
(
a4
s4/3
)
. (5.9)
Again, it is similar to the drag force results and the energy loss rate in the anisotropic
plasma is smaller than the isotropic case at equal entropy density. These analytic results
are in agreement with our numerical results given in Fig.6 (red curves in the first row plots)
and Fig.7 (red and blue curves in the down-left plot) .
As expected, for large a/T the results are the same as the linear drag and the energy
loss in the anisotropic plasma is always greater than the energy loss in the isotropic case
both for equal temperatures and equal entropy densities. Using the explicit relations for
F4 and B4 parameters [20]
F4 = 1
132
[
132a4cint + 77a
4 log
( a
Λ
)
− 384centπ2a1/3T 11/3 + · · ·
]
, (5.10)
B4 = 1
6336
[
1331a4 − 6336a4cint − 3696a4 log
( a
Λ
)
+ 4032centπ
2a1/3T 11/3 + · · ·
]
, (5.11)
the ratio of the energy loss rate in the anisotropic plasma to the energy loss rate in the
isotropic case is given by
dE/dtaniso
dE/dtiso
∣∣∣∣
temp
=
√
2cent
π
( a
T
)1/3
+ · · · , (5.12)
dE/dtaniso
dE/dtiso
∣∣∣∣
entropy
=
1
21/6π1/3c
3/16
ent N
1/24
c
(
s1/3
a
)1/16
+ · · · , (5.13)
for equal temperatures and equal entropy densities, respectively. cent is a constant intro-
duced in the entropy density in section 2 and cint is an integration constant introduced in
[20]. As expected, this is again the same results as drag force [21].
5.2 Small a/T limit
For small a/T the metric functions and the radius of the horizon are known as some ex-
pansions around the black D3-brane solution [20],
F = 1− u
4
u4H
+ a2F2 +O(a4),
B = 1 + a2B2 +O(a4),
logH = a
2u2H
4
log
(
1 +
u2
u2H
)
+O(a4),
uH =
1
πT
+
5 log 2− 2
48π3T 3
a2 +O(a4), (5.14)
in which
F2 = 1
24u2H
[
8u2(u2H − u2)− 10u4 log 2 + 3u4H + 7 log
(
1 +
u2
u2H
)]
, (5.15)
B2 = −u
2
H
24
[
10u2
u2H + u
2
+ log
(
1 +
u2
u2H
)]
. (5.16)
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It is easy to find the critical point by using the general formula (3.9) and above expansions
for the background metric. Obviously, the result is an expansion around the isotropic
critical point (3.11). Up to second order in a the critical point is given by
uc = uiso + a
2u(2)c +O(a4), ρc = uc
√
Π
ω
, (5.17)
where
uiso =
1
π2T 2
√
−Πω
2
+
1
2
√
Π2ω2 + 4π4T 4,
(5.18)
Doing some calculations it is easy to show that the first correction to the isotropic critical
point is
u(2)c =
3− 2π2T 2u2iso(1 + π2T 2u2iso) + (−1 + 8π4T 4u4iso) log (1 + π2T 2u2iso)
48π2T 2uiso (2π4T 4u2iso +Πω)
. (5.19)
In contrast to the ultra-relativistic limit studied in the previous subsection, one can not find
the analytic results from boundary they point of view. It’s because, there is no analytic
relation between the radius of rotation at the critical point ρc and the radius of rotation at
the boundary l, which is the case for ultra-relativistic limit (see the discussion after eq.(5.2)).
Therefore to explain every thing from boundary theory point of view we must solve the
general equation of motion for ρ (3.15) numerically from critical point to the boundary
by using the explicit metric functions (5.14) and the explicit relation for the critical point
(5.17). The results are in perfect agreement with the results we found numerically for small
a/T in previous section and since there is no more point we don’t show the plots here.
6 Comparison with the linear drag and the synchrotron
radiation
In this section we compare our results of the rate of energy loss for a rotating quark in
an anisotropic plasma with two different known cases, the linear drag and the synchrotron
radiation. First we want to compare the energy loss rate of rotating quark with the energy
loss rate in the linear drag case. The drag force experienced by an infinitely massive quark
propagating at constant velocity through an anisotropic, strongly-coupled N = 4 SYM
plasma was studied in [21, 22]. In Fig.9 we show the ratio of the total energy loss rate of
rotating quark to its linear drag part as a function of velocity of the quark in the boundary
theory for different ω and different a/T .
As expected, for small ω the dominant part of the ratio of energy loss is due to the
linear drag for a wide range of velocity of the quark on the boundary. In this range, the
local velocity of the rotating string at each point can be approximated by the velocity of
the quark at the boundary which means the string behaves similar to the linear drag case
studied in [21, 22].
In this limit we show a perfect agreement between the energy loss rate of rotating quark
and the linear drag analytically. The rate of energy loss for a rotating string is given by
(3.18) or equivalently by
dE
dt
=
Πω
2πα′
=
Πvc
2πα′l
. (6.1)
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Figure 9: The ratio of the total energy loss rate of rotating quark to its linear drag part as
a function of velocity for a/T ≃1.4 (dashed), 12(solid), 86 (dotted) curves.
Note that in this limit the velocity of string is close to vc for all of the points. Using well-
known relations between rotation and linear motion, constant velocity at each point of the
rotating string and equation (B.8) one can see that the rate of energy loss is given by,
dE
dt
=
Πω
2πα′
=
Pv
2πα′
=
dE(drag)
dt
. (6.2)
This result is broken if the radius of the rotation for uH > u ≥ uc (ρ(u) > ρc) is larger than
ρc, which means the constant velocity for all of the string’s points is not good approximation.
This is the case for small ω but very large Π, discussed also in earlier sections.
It is easy to see that for larger ω the dominant part of the rate of energy loss is due
to the drag only for small velocities of the quark. As expected, in this limit the dominant
part of the energy loss is due to the radiation for large enough velocities of the quark.
In [17], it was shown that for large ω and large enough velocities of the quark, the
dominant part of the energy loss is due to the radiation channel for isotropic N = 4 SYM
plasma. This result was shown by comparing the energy loss with the synchrotron radiation
introduced by Mikhailov [34]. So it is natural to compare the rate of energy loss with the
synchrotron radiation using the Mikhailov’s formula, which is the radiation of a quark
rotating in a vacuum,
dE
dt
|v. r. =
√
λ
2π
v2ω2
(1− v2)2 . (6.3)
Since this formula can describe the radiation in isotropic plasma [17], the ratio of the
rate of energy loss (3.18) to the above rate (6.3) is actually the ratio of total energy loss
to the radiation in isotropic plasma. The results are given in Fig. 10. For small ω one can
see that the total energy loss rate is much more than the radiation part, while in Fig. 9 we
show that the dominant part of the energy loss, in this case, is due to the linear drag.
For large ω and large enough velocity of the quark in Fig.10, where the dominant part
of energy loss is due to the radiation, one can see that the radiation in anisotropic plasma
is less than isotropic case and a larger a/T , causes to a smaller radiation. For fixed a/T , a
larger velocity of the quark leads to a smaller ratio of the energy loss rate to the vacuum
radiation such that for ultra-relativistic quarks with large ω, the energy loss is closer to the
vacuum radiation.
Again, one interesting range is intermediate angular velocity, ω = 0.5, and large v. In
this regime one can see the effect of anisotropy on the competition between the drag and
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Figure 10: The ratio of the rate of energy loss to the radiation. a/T ≃0.8(dashed),
4.4(solid), 86(dotted) curves.
radiation channels in energy loss. This behavior is similar to the first row of Fig.7. Naively
one can conclude that comparing the energy loss in the anisotropic and isotropic plasma at
equal temperatures is more natural than at equal entropy densities.
7 Summary and discussion
In this paper, we have studied the energy loss of a rotating heavy quark in a strongly-
coupled anisotropic plasma from holography. There are two models to investigate the
anisotropic plasma from AdS/CFT correspondence which have been proposed by Mateos
and Trancanelli in [20] and by Janik and Witaszczyk in [35].10 In JW model [35], a geometry
involving a comparatively benign naked singularity was considered, while MT model [20]
has regular geometry involving a nontrivial axion field dual to a parity-odd deformation of
the gauge theory. Different aspects of these models have been studied in [37]. The latter
model has been used in this paper. In this model, the anisotropic N = 4 SYM plasma is
symmetric in xy plane but in the beam direction (z direction) is not. Then in the context of
heavy ion collisions, we considered a rotating test quark within the transverse plane which
is also mostly interested in jets.
Holographic study shows different momentum broadening in an anisotropic medium
along the beam axis and along the transverse plane [21, 22, 23]. These quantities in a weakly
coupled anisotropic plasma have been studied in [38, 39, 40]. It was shown that, the momen-
tum broadening along the beam axis increases slightly in the presence of anisotropy, while
the momentum broadening in the transverse plane decreases more significantly. The jet
quenching parameter was studied in [22, 23, 37] and it was found that for large anisotropic
parameter the same result can be achieved. We showed that in the regime where we expect
to see the radiation of beam of synchrotron-like radiation, the energy loss is significantly
less than the isotropic case.
We find valuable results by comparing of the anisotropic case with the isotropic back-
ground at the same temperature or at the same entropy density. The ratio of the energy
loss rate in anisotropic background to the isotropic case as a function of the velocity of
the rotating quark is given in Fig. 7. One finds that the energy loss of ultra-relativistic
heavy quark is the same as the drag force calculations in [21]. Also in Fig. 8, this ratio as
a function of a/T for different velocities of rotating quark is shown. It is clearly seen that
10Other AdS backgrounds which are dual to an anisotropic fluids are constructed in [36]
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the rate of energy loss in anisotropic background is smaller than the isotropic case and for
fixed v and ω the larger anisotropy leads to the smaller rate of energy loss.
It would be interesting to compare our results with the radiation energy loss of heavy
quarks in a real anisotropic plasma. In a first-order opacity expansion it is studied in [33]. It
was found that the energy loss due to the radiation depends on the direction of propagation
of the fast partons with respect to the anisotropy axis as well as on the anisotropy parameter.
It was shown that along parallel the anisotropy direction the radiation increases while in
the transverse direction it decreases. Regarding our setup, we have considered the radiation
in the transverse plane and we found that the radiation in a strongly-coupled anisotropic
plasma is less than the isotropic case.
The energy density and angular distribution of the power radiated by a rotating quark in
a strongly-coupled isotropic plasma was studied in [31]. This study was also extended to the
case of non-zero temperature in [43]. It would be interesting to study effect of anisotropy on
the angular distribution of the power radiated by a heavy quark rotating in an anisotropic
plasma. We showed that the crossover from the drag-dominated regime to the radiation-
dominated regime significantly depends on the anisotropic parameter. It was found that
unlike in a vacuum, in the plasma at nonzero temperature the energy disturbance created
by the rotating quark can excite in two qualitatively distinct modes in the energy density;
a sound mode and a light-like mode which propagates at the speed of light. The energy
loss due to unstable modes in a weakly coupled anisotropic plasma has been studied in
[41, 42]. It would be very interesting to understand the effect of instability modes on the
energy density in an anisotropic strongly-coupled plasma. This investigation can shed new
light to the similarities between the quenching of the beam of strongly-coupled synchrotron
radiation in the strongly-coupled anisotropic N = 4 SYM plasma and the quenching of jets
in heavy ion collisions at the LHC and RHIC.
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A Rotation in anisotropic plane
In this appendix we study a rotating quark in a general three dimensional spatial of an
anisotropic background (2.1). Without loss of generality, we assume that the rotation is
in xz-plane (extension to more general case is straightforward). Using the following polar
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coordinate transformation
x = ρ cosψ, z =
ρ√H sinψ, (A.1)
which is useful to study a rotating object, one can show that the xz part of the background
metric (2.1) is given by
dx2+H dz2 = dρ2+ρ2dψ2+ ρ
2 sin2 ψ
4
H′2
H2 du
2+ρ sin2 ψ
H′
H dudρ−
ρ2 sin 2ψ
2
H′
H dudψ. (A.2)
It’s obvious that there is no SO(2) symmetry in xz-plane for H 6= constant. As we will see
this has important consequence to find the energy loss rate.
Using the usual ansatz for a rotating string in xz-plane,
Xµ(τ, σ) = (t = τ, u = σ, ψ = ωt+ θ(σ), ρ = ρ(u), y = 0) , (A.3)
it is easy to show that the Lagrangian density of Nambu-Goto action for a rotating string
in xz-plane is given by
L =
[
−(Guu +Gρρρ′2 + 2Guρρ′)(Gtt +Gψψω2)−GttGψψθ′2 −Guψ(2Gttθ′ −Guψω2)
]1/2
.(A.4)
Note that the Guu, Guρ and Guψ components of the background are functions of both u and
ψ coordinates. Again, it shows that there is no SO(2) symmetry in this case. In contrast to
the rotation in xy-plane, studied in the main body of the paper, not only θ′ (the derivative
of θ with respect to u), but also θ appears explicitly in the action (via ψ dependency),
L = L(ρ, ρ′, θ, θ′). (A.5)
It means the momentum conjugate to the θ field is not a constant of motion anymore and
a hanging string rotates in-homogeneously.
On the other hand, from drag force investigations [21] we know that for a string moving
in xz-plane along nighter x nor along z directions, there is a misalignment between the
velocity in the far infrared and the drag force
−→
F . This is the main reason for difficulty
of usual (holographic) calculation of a rotating quark in an anisotropic plane which leads
to the inhomogeneous rotation explained above. In the other words, for a rotating string,
while the end point of the string is moving on a circle at the boundary (Hb = 1), each
point of the rest of the string is moving on an ellipse. It’s interesting to solve the equations
of motion of ρ and θ fields (two coupled second order differential equations) in anisotropic
background for a general rotation in anisotropic background which is not in the scope of
this paper.
B Linear drag in a general background
In this appendix we give a brief review on a linear drag case corresponded to a quark moving
on a line with a fixed velocity v in a general background which has been known for some
especial examples [12]. Using the static gauge for a string moving in x direction of a general
background (3.1)
Xµdrag(τ, σ) = (t = τ, u = σ, x = ξ(u) + v t, y = z = 0) , (B.1)
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one can show that the Nambu-Goto density of lagrangian is given by
Ldrag =
[−GttGuu −GxxGttξ′2 −GxxGuuv2]1/2 . (B.2)
Since ξ does not appear explicitly in the action, its momentum conjugate is conserved and
the equation of motion is given by
P = ∂L
∂ξ′
= −GttGxxξ
′
L = constant. (B.3)
Solving this equation for ξ′ yields to
ξ′2 = −P2 Guu(Gtt +Gxxv
2)
GxxGtt(GxxGtt + P2) . (B.4)
The positivity of LHS leads to the fact that there is a critical point, u
(drag)
c , where both
numerator and denominator change their signs and it is defined by
Gtt(uc)
(drag) +Gxx(uc)
(drag)v2 = 0, (B.5)
Gxx(uc)
(drag)Gtt(uc)
(drag) + P2 = 0, (B.6)
which lead to
|Gtt(uc)(drag)| = P v, Gxx(uc)(drag) = P
v
. (B.7)
On the other hand, by using (B.5) and (B.6), it is easy to show that the rate of energy loss
due to the linear drag is given by
dE(drag)
dt
= Π
σ(drag)
t =
Pv
2πα′
=
|Gtt(uc)(drag)|
2πα′
, (B.8)
where in the second equality we used the first equation in (B.7). Comparing equations
(3.18) and (B.8) shows that the general form of the rate of energy loss in both linear drag
and rotating strings are the same and it’s just a function of the critical point.
Therefore, if the critical point at two different cases are the same the rate of energy loss
should be the same. As we show in sections 4 and 5, for small angular velocity of a rotating
string the critical point is very close to the linear drag both numerically and analytically.
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